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A METRIC CHARACTERIZATION OF CELLS

BY

ELLARD NUNNALLY

ABSTRACT. We examine finite dimensional compact convex metric spaces

each having the property that the union of two line segments in the space, having

more than one point in common, is a line segment. The question has been asked

(Borsuk; Bing) whether each such space is a cell. The answer is yes if the di-

mension of the space is < 2 (Lelek and Nitka) or 3 (Rolfsen). Here we provide

an affirmative answer for arbitrary finite dimension provided the space has the

additional property that the join of any point to any line segment in the space is

a convex set.

I. ct-metrics. A metric d for a space X is called convex if whenever x and

y are points of X, there exists some point p € X such that dix, p) = lA dix, y) =

diy, p). Throughout this paper X will denote a nondegenerate compact metric

space with a convex metric d. If p and a are distinct points of X, then there is

in X an isometric image, Lip, a), of the interval LO, dip, q)], having p and q as

endpoints. The set Lip, q) is called a line segment between p and q.

Definition 1. The metric d is called an «x-metric if whenever Lip, a) and

Lip ,- a ) are line segments in X having more than one point in common, then

Lip, q} U Lip , a ) is a line segment. (Note that if L(p, q) U L(p', q') = L(s, t),

then is, t\ C \p, q, p', q'\.)

Throughout the remainder of this section, d is assumed to be an a-metric.

There now follows several propositions and theorems concerning a-metrics,

mostly without proofs. The proofs are straightforward, and many are similar in

spirit to those found in [3], [4], and [7].

Proposition 1. // p and q are distinct points of X, then L(p, q) is unique.

Corollary. // p and q are distinct points of X, and 0 < r < 1, then there is

exactly one point x € X such that d(p, x) = rd(p, a) arza* d(q, x) = (l - r)dip, q).

As in [4] we define A: X x Xx [O, l] —»X as Xip, q, r) = the unique point x e

X such that dip, x) = rdip, q) and diq, x) = (l - r)dip, q). It is easy to check

that X is continuous.
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Definition 2. A line segment Lip, m) is called a maximal ray from p if when-

ever Lip, 772 ) is a segment such that Lip, m) C Lip, m ), then Lip, m) = L(p, w'),

and hence m =m . A. line segment Lia, b) is called a maximal segment if when-

ever Lia , b ) is a segment such that L(a, ¿7) C L(a', £>'), then Lía, b) = L(a', ¿')

and hence \a,b\ = \a',b \.

Theorem 1. Suppose p and q are distinct points of X. Then (1) there exists

a unique maximal ray from p, Lip, m), such that Lip, q) C Lip, m); and (2) there

exists a unique maximal segment Lin, m) containing Lip, q).

It follows from Proposition 1 and Theorem 1 that each pair of points of X is

contained in a unique maximal line segment. In fact, if X is compact and d is

convex, then d is an a-metric if and only if each pair of points of X is contained

in a unique maximal line segment.

Definition 3. If A C X and p £ X, then the p-face of A, denoted by FpiA),

is defined as FpÍA) = [a eA | Lip, a)r\A = jail.

Proposition 2. // A C X, pt-A, \s, i|CFp(A), s ¡¿/, then Lip, s)OL(p,/) =

jpl.

Proof. Otherwise L(p, s) uL(p, /) = Lip, s) (or Lip, t)). In which case s i

FpÍA)íort¿ FpÍA)).

Proposition 3. // L is a maximal line segment and p 4L, then L = F AL).

If A is a closed, convex subset of X, then d is an a-metric for A. That is,

a closed convex subset of an "a-space" is an "a-space".

Definition 4. Suppose A  is a closed convex subset of X, By a rz'772 point oí

A we mean a point of A which is an endpoint of some maximal segment in A. By

the rim of A, denoted by 0(A), we mean the set of all rim points of A.

Theorem 2. Suppose A is a closed subset of X, p e X - A, and A - PpiA).

Then Lip, A) = U fE(p, x)| x e A | is homeomorphic to the cone over A, CÍA).

Proof. The obvious "linear" function from CÍA) to Lip, A) is a homeomorphism.

In particular, if A is an «-cell, n > 0, then Lip, A) is an (« + l)-cell with

A U Lip, bdry A) = bdry Lip, A).

Proposition 4. Suppose A is a closed, convex subset of X, Lis, t) is a max-

imal line segment in X, and Lis, t) C\A is nondegenerate. Then Lis, t)C\A is a

maximal line segment in A.

Proposition 5. Suppose A  is a closed, convex subset of X, p 6 X - A, q e

A - F ÍA). Then Lip, q) contains a point of 0(A) in its interior.
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II. /3-metrics.

Definition 5. The metric a" on X is called a /3-metric if d is an ct-metric

having the property that if Lia, b) is any line segment in X and p e X, then

Lip, Lía, b)) is convex.

Throughout the remainder of this paper we assume that d is a ß-metric.

It might be well to indicate here the general thrust of the arguments to fol-

low. Suppose, for the moment, that X is finite dimensional. We will construct in

X a convex cell /    with a nonvoid interior. We then collapse X into /    by means

of a 1-1 function which takes d(X) onto bdry / . In order to establish the continu-

ity of / we establish two important properties of <?(X). One is that any ray from a

nonrim point of X to a rim point contains no other rim point. The second is that

t?(X) is closed. The remaining arguments are directed toward constructing the cell

mentioned above and toward establishing these two properties of diX).

Proposition 6. // A is a convex subset of X and p e X — A, then Lip, A)

is convex.

It follows from the continuity of X that if A is closed, Lip, A) is closed.

Theorem 3. Suppose p and q are distinct points of X, and a e X is not on

the maximal line segment containing p and q. (It follows from Propositions 3 and

6 and Theorem 2 that Lía, Lip, »)) is a convex 2-cell.) Then each maximal line

segment in the 2-cell A = Lía, Lip, q)) has its endpoints on the boundary of the

cell.

Proof. Suppose Lis, w ) is a maximal segment in A with s t bdry (A). Choose

a point w ¿s with w e Lis, w ) and w 4 bdry (A). Then Liw, s) is a maximal ray

from w.

Define F: bdry (A) x [0, l] -* A as follows: Fix, t) = y where y € Liw, x) and

diy, x)/diw, x) = t. Then F is a contraction of the boundary of A to w.

Now Fix, t) ¿ s tot any ix, t); tot otherwise s e L(x, w), and hence, since

x j¿ s, Liw, s) is a proper segment of Liw, x), contradicting the maximal property

of Liw, s).

Hence we have a contraction of bdry A  to a point in A — \s j, which is im-

possible.

It follows from the above theorem that diA) C bdry A. Theorem 5 asserts

f3(A) = bdryz4.

Theorem 4. Suppose p e X - diX) and q e diX). Then Lip, q) n<5(X) = [q\.

Proof. Suppose there exists an s e <9(X) OL(p, q) and s ¿ q. (See Figure 1.)

Then s ¿ p, toi p 4 dix); and since s e dix) there exists a point t e r)(X) such

that Lis, t) is a maximal segment.
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(1) If L  is any segment which contains p and q, then / Z L. For if t £ L,

then since s e L, |s,(|CLn Lis, t), and therefore L U Lis, t) is a segment. And

since Lis, t) is maximal, L U L(s, /) = L(s, t). Therefore L is a subsegment of

Lis, t) containing s as an interior point. Since this is impossible, t ZL.

Let Lia, b) denote the maximal segment containing t and p; and let the or-

der from a to b be a < t < p < b. (Again t Z p Z b, since \t, b\C diX).)

(2) Now s Z Lia, b). For if s e Lia, b), then fs, pi C Lip, q) Cl Lía, b), and

therefore Lip, a)uL(a, b) is a segment. Since Lia, b) is maximal, Lip, q) C

Lía, b). Hence Lia, b) is a segment containing p, a, and r, which contradicts (1).

So s Z Lía, b).

By (2), q Z Lia, b), for otherwise s e Lía, b). So by Proposition 3, L(«, b) =

F ÍLÍa, b)); and hence, by Proposition 2, i-(a, a) DLiq, p) = jai. Therefore we have

(3)sZLiq, a).

Likewise,

(4) s ¿ L(a, b).

Now by Theorem 2, L(q, Lia, b)) is a convex 2-cell with bdry ÍLÍq, Lía, b))) =

Lía, b) ULÍq, a) DLiq, b). Also Lis, i) C Líq, Lía, b)), and by (2), (3), and (4),

s Z bdry ÍLÍq, Lia, b))). Hence, by Theorem 3, Lis, t) is not maximal in

Líq, Lía, b)), and therefore is not maximal in X. This contradiction proves the

theorem.

Figure 1

Theorem 5. Suppose A is a nondegenerate closed convex subset of X,

A -diA)/0, p£X -A, and A = F pÍA). Then díLíp, A)) = Lip, 0(A)) U A.

Before proving Theorem 5, if p Z a £ Lip, A) define the projection of a on A,

denoted by pía), to be that unique point a £ A  such that a £ Lip, a ). It is easily

shown that the map p is "linear" in the sense that if p Z Lia, b) C Lip, A), then

pÍLÍa, b)) = LÍpía), pib)).

Proof of Theorem 5. First we show dÍLÍp, A)) C Lip, dA) U A  by showing

that if Lia, b) is a maximal segment in Lip, A), then ja, b\cLÍp, <?A)uA.

We may assume p Z \a, b\, for otherwise ja, b\ C jpiu A C Lip, dA) u A. Let



THE GEOMETRY OF CONVEX SPACES. I 321

pía) = a  /=b   - pib) and let L(x, y) be the maximal segment in A  containing

\a , b \. Since Lia, b) is a maximal segment in the convex 2-cell Lip, Lix, y)), by

Theorem 3, W, b\ C L(x, y) UL(p, x) U Lip, y) C L(p, <9A)uA.

Now we show Lip, dA)U A C diLip, A)). Suppose a e Lip, dA) UA. Since it

easily follows that Lip, x) is a maximal segment in Lip, A) tot each x € A, we

assume a i A, a /p. Let pía) = a e dA and select x e A - dA. It suffices to show

that Lix, a) is a maximal ray from *  in Lip, A).

Suppose, on the contrary, that L(x, s) is a maximal ray from x in L(p, A)

containing Lix, a) with a ^ s. Then s e diLip, A)); s ¿ p (otherwise à = x e dA);

and s ¿A. Hence pis) = s' € dA. Also s' / a', for otherwise is, a! C L(p, a') n

L(x, s) and therefore Lip, a')ULix, s) = L(p, a'). Then x = a'.

Now since pÍLÍx, s)) = Lix, s ), we have a' e Lix, s'). This violates Theo-

rem 4. Hence Lix, a) is a maximal ray from x in L(p, A).

Corollary. Suppose ip!"_0 are distinct points of X. Set A = \P A and ¡or

1 < i < n set A . = Lip ., A . ). Suppose also F (A . ) = A . /or 1 < i < n so

íiaí, 6y Theorem 2, A . is an i-cell. Then diA .) = bdry A ..

Proof. Induction on z, together with the remark following Theorem 2.

Theorem 6. Suppose A is a closed convex subset of X, p € X — A and the

sets F (A) and A - dA have a point q in common. Then FA.A) = A.

Proof. Suppose x e A, x ¿ q.We show x e FÁA). Let Lis, t) be the maximal

segment in X containing ¡x, q\. By Proposition 4, Lis, t) C\A = L(a, è) is a max-

imal segment in A. To be specific we take the order on Lia, b) as a < q < x <b

(see Figure 2).

Since a eF (zl), p ¿L(s, z). Hence S - Lip, Lía, x)) is a convex 2-cell with

bdry S = Lip, a) UL(a, x) U L(p, x). Now if x ^ F A.A), there exists a point zíz e

A CiLip, x) with w ¿ x. Hence the arc Lía, w) which lies, except for its end-

points, in the interior of S and separates p and a in S also lies in A. Therefore

Lip, q) contains a point of A  other than a, which contradicts the fact that a e

P/AX

Figure 2
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Proposition 7. Suppose A is a closed convex subset of X, \q., q A C A, q Z

q2, p e X - A and is not on any line segment containing \q q A, and q.Z F ÍA).

If a£Liqvq2), aZ\qyq2\, then a Z F pÍA).

Proof. Very much like that for Theorem 6.

Theorem 7. // A  is a closed, convex subset of X, \p., p.] C X, p   Z p,,

with Lipvp2)C\A=a£A-diA), then B = Lip v A) uL(p2, A) is closed, convex

and dB = Lip v dA) UL(p2, dA).

Proof. First if px£A, then px=a£F    (A). Hence, by Theorem 6, A=F   (A).

Then by Theorem 5, B = A U L(p2, A) = L(p    A) is closed, convex and 0(B) =

AuL(p2, (9(A)) = L(pI, 0(A))uL(p2, 0(A)). So we now suppose Ipj, p2lcX-A,

and hence F.   (A) = A = F.   (A).

Lemma 1. F    (/Kpj, A)) = A.

Proof. In view of Theorem 6 it is sufficient to show that if q £ Lip , A) - A,

then qZFp ÍLÍpv A)).

It follows from Theorem 6 and the fact that pj Z F    (L(plf A)) that if a e

Lipv A) -dLipv A), then ?¿Fp (L(pj, A)).

So suppose plZq£ dLip y, a) - A = (A U L^, 0(A)) - A = L(pj0A) - 0A. We

may select a point ç. e 0A, q Z q lt with a e L(p,, q .)• Since q.Z", p is not on

any line segment containing p. and a.. Hence by Proposition 7, a Z F (L(p., A)).

This proves Lemma 1.

From Lemma 1 it follows that Lip2, Lipv A)) = L(p2, F^ iLipv A))) U

L(pj, A) = Lip2, A) UL(pj, A) = B  is closed and convex.

Lemma 2. Each line segment in B which contains two points of A  must lie

in A.

Proof. This follows easily from the fact that F   ÍA) = A.

Lemma 3. We now show that if x £ A - 3ÍA) then Lip., x) is not maximal in

B, i = 1,2. Un particular Lip., x) C Lip., xQ) with x Z x Q, xQ e B.)

Proof. If x = a, Lip., x) is properly contained in L(pj, p2); so suppose x ¿a.

Let Lis, t) be the maximal segment in A containing a and x. Since js, t\ O

ja, x| =0, let the order on Lis, t) be s <a <x <t, and let S = Lit, Lip j, p2)).

This is a convex 2-cell with 0S = bdry S = L(pj, p2) U Lit, p¡) ULit, p2).

Since ja, i| CS, x e 5. Hence Lip{, x) C S. If L(p¿, x) were maximal in B,

Lip ., x) would be maximal in S. But since x Z dS we must have Lip¡, x) C

Lipjt xA for some x. Z *, xQ eS C B. This proves Lemma 3-
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Lemma 4. A separates B.

Proof. This follows easily from the observation that Lip  , A) C\Lip  , A) = A.

We are now ready to show dB C Lip , dA) UL(p-, dA). Suppose L(s, /.) is

maximal in B; we show is, ri C L(p , dA) ULip , dA).

In view of Lemmas 2, 4 and Theorem 5, we may assume that Lis, t) contains

exactly one point q of A.

Case I. a 4 is, f}. If is, fi C Lip , A), then L(s, i) is maximal in L(p , A).

Hence {s, /! C t9L(pj, A) - A ^(Lipj, r)A)UA)-A CL(pp dA). So suppose se

L(p    A) and í e L(p, A). Then L(s, a) = Lis, t) O L(p , A) is maximal in

L(p , A), by Proposition 4, and L(a, t) = Lis, t) O Lip , A) is maximal in

Lip2,A). Hence sedLipvA)-A CL(px,dA) and / e r5L(p2, A) - A cL(p2> <?A).

Case II. Suppose q = t, and s e L(pj, A) - A. Then Lis, t) is maximal in

Hpy, A) and hence s e Lipx, dA). We now show q e dA C Lip    dA). Suppose q 4

dA. Let s € dA such that s € L(p,, s ). We have s   ¿ q. Let L(x, y) be the maxi-

mal segment in A containing is , a!, and let the order be x < s < a < y. Choose

r so that a <r <y. Since q 4 dA and y e r?A by Theorem 4, r 4 dA. Hence, by

Lemma 3, there exists an r. e ß such that L(p,, r) C L(p,, r.) and r 4 rQ.

Now consider S = Lix, Lip , r.)). Since ix, rj CS, q eS; and since

L(p., s ) C S, s e S. Hence Lis, q) C S, and hence is maximal in S. So a e dS.

Now dS = bdty S = Liplt rQ) U Lix, pj)UL(x, rQ). Since r e Lip x, tq), q 4

Lipy, rQ) (otherwise not both r and a are in F    (A) = A). Likewise a ¿ Lix, p.).

Since r 4= r., and since x is not on any line segment containing p.  and r.

(otherwise not both x and r could be in Fk (A)), L(x, r) CiL(x, r.) = ix!. So sincei>i       *        * *   o
a e"L(x, r), a 4 Lix, rQ). Hence a ^t?S. This contradiction establishes Case II.

Therefore dB C Lipx, dA)uLip2, dA).

To see that L(pv dA)uLip2, dA) C dB, suppose x e Lip    dA). We show x e

f?B. Since L(p,, p.) is maximal in B, suppose x^p..

If x e rJA, it follows from Lemma 2 that x £ dB. It x 4 dA, then as, in the proof

of Theorem 5, Lia, x) is a maximal ray from a in Lipy, A). Hence, by Lemmas

2 and 4, L(a, x) is a maximal ray from a in B. Therefore x e r}B.

Theorem 8. // X is finite dimensional, then diX) is closed.

Proof. Suppose xQ eX - diX). Let /,= L(pQ, px) be any maximal line segment

containing xQ. Since xQ ¿rXX), pQ¿xQ4py.

Either I y contains a neighborhood of x0, or it does not. Suppose it does not.

Choose f > 0 so that $(*.) misses ipQ, p.i. Select a point x eS (x ) with x 4

/j. Since L(x, xQ) C 5f(x0), L(x, xQ) Ddl y = Lix, x0)n\p0, py\=0. Hence by

Proposition 5, *0 e ^(^i) anc^ therefore L(x, xQ) O I y=[xQ\.
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Let LÍp2, p.) be the maximal segment in X containing jx, x   |. Then

Lip^pAn^ = jx0! and p2/x0Zpr Set ¡2 = LÍp2, I^ULÍp^lJ. By Theo-

rem 7, ¡2 is closed, convex and 0/2 = Lip     dl¡) V Lip     dl j) = Lip     \p     p.\)(J

Lip,, (p., p, 1). Also l2 is 2-dimensional, since it is the sum of two 2-cells.

If L contains no neighborhood of xQ, then choose e > 0 so that Sf(xQ) misses

0z*2 and select a point y e Sf(xQ) - 12. Again since L(y, x.) C S ix.), LÍy, xQ)

misses 0/2 and thus xQ £ F (j ); hence by Theorem 6, i"2 = F (/J. Let Lip     p )

be the maximal segment in X containing jy, xA. Set /, = Lip ., / ) UL(p , /A

Then /,  is closed, convex and 0/, = Lip     dl A U Lip , 0/ ) and since p . Z x. Z

p., xQZdl,. Also /,  is 3*dimensional, since it is the sum of four 3-cells.

If /,  contains no neighborhood of x     we repeat the process until eventually,

since V is finite dimensional, we arrive at a closed convex set /    with x. e

/   - 0/    and f > 0 such that S ix A Cl   -âl   C X - âX.
n n í    0 72 7i

Theorem 9. // X is finite dimensional, then X is homeomorphic to an n-cell

for some « > 1.

Proof. The proof is similar in many respect to that of Theorem 8.

Let p. Z p,  be any two points of X. Let a.  denote the midpoint of

Lip  , p A = I . Either /.  contains a neighborhood of a.  or it does not.

If it does not, choose t > 0 so that Sj.a^ndlj = SfiaAn \pQ, p^\ = 0. Then

select a point p, e S ia A - I.. As in the proof of Theorem 8, Lip     a ) C Sfia.)

and hence F    (/ ) = /  . Consequently Lip     I ) = I    is a convex 2-cell. Let a2

denote the midpoint of Lip     a ), and note that a2 Z dl 2 = 'j u Lip., 0/j).

Again, either 12 contains a neighborhood of a2, or it does not. If if does not,

we proceed as above until we obtain a convex 72-cell, /  , and a point a   £

I   - dl   = I   - bdry /    such that /    contains a neighborhood of a  . And since
n n       n J     n n ° n

anZdln,anZdX.

Now if x £ 0X, by Theorem 4, Lía  , x) is a maximal ray from a    in X. Hence

if follows from Proposition 4 that Lía  , x)n /    is a maximal ray from a    in /.
r n' n J 72 n

Hence Lía ,x)n/   = Lía , y) where Lía ,y)ndl   = iyl.
72 72 71   J n' J n        '

Conversely if y0edl , then LÍan, y.) is a maximal ray in /    with

Lia  , y„) I~I0/   = lv„i and if Lía  , x„) is the maximal ray in X containing
72     J 0 71 ' 0 71 0 ' "

Lian, y0), then LÍan, xQ) O0X = jxQ|.

Now we define /: X —» /    as follows: /(«„) = «n; and if x ¡¿ an, let

L(a  , xQ) be the maximal ray in X from an through x and Lian, yQ) = ¡n n

L(an, xQ) where xQ£ 0X and yQ £ dl n, then fix) is that point on £-("„, y0) which

is the image of x under the mapping which takes Lian, xQ) linearly on LÍan, yQ)

with fía) = an and /(xQ) = yQ.
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Explicitly, if À(an, xQ, r) = x, 0 < r < 1, then fix) = Xian, y Q, r).

Now / is a 1-1 function of X onto /    taking rXX) onto dl .
' n ° n

In view of the continuity of X and the fact that dl   = bdry /    is closed, the

continuity of / results from the following:

Lemma. // ip XT —► p. a72a" p. / a  , z > 0, and if Lía , x .) is the maximal

ray in X from a    through p ., i > 0, then \x XT —> x .

Proof. Let ix   XT —► x.   be any convergent subsequence of ix |. . We show

*0 = V SinCC   'L^V Xn}\ ^L(-an' *<P»  Pq € L^Un' *Ó ̂ Hence   L^a„> XQ ^ C

Lía  , xQ). Since ix XT C dX and dX is closed, xQ e dX. Hence, again by Theorem

4, x¿ = x0.

III. Questions. It is an open question, asked by Borsuk and Bing, whether or

not each finite dimensional compact metric space X which admits an a-metric is

homeomorphic to a cell. If dim X =n, then Lelek and Nitka [7] supply an affirma-

tive answet if tz < 2. Rolfsen [3] proves that X is a cell if n = 3; and he also

shows that if X is a manifold and 72 > 5, then X is a cell.

Question I. If X is a finite dimensional compact space with a-metric d, can

one use d to define a /3-metic on X?

Question 2. Is each compact infinite dimensional space X with an a-metric

homeomorphic to the Hubert cube?

Question 3. Same as above but assuming the existence of a /S-metric on X.

Question 4. Is there a /3-metric on the Hubert cube such that each point is a

rim point?
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