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ABSTRACT. We examine finite dimensional compact convex metric spaces
each having the property that the union of two line segments in the space, having
more than one point in common, is a line segment. The question has been asked
(Borsuk; Bing) whether each such space is a cell. The answer is yes if the di-
mension of the space is < 2 (Lelek and Nitka) or 3 (Rolfsen). Here we provide
an affirmative answer for arbitrary finite dimension provided the space has the

additional property that the join of any point to any line segment in the space is
a convex set.

I. a-metrics. A metric d for a space X is called convex if whenever x and
y are points of X, there exists some point p € X such that d(x, p) = %4 d(x, y) =
d(y, p). Throughout this paper X will denote a nondegenerate compact metric
space with a convex metric d. If p and g are distinct points of X, then there is
in X an isometric image, L(p, q), of the interval To, d(p, 9)], having p and ¢ as
endpoints. The set L(p, ¢) is called a line segment between p and q.

Definition 1. The metric d is called an a-metric if whenever L(p, q) and
L', q") are line segments in X having more than one point in common, then
L(p, 9 UL(p', ¢') is a line segment. (Note that if L(p, g)UL(p’, ¢') = L(s, 1),
then {s,t}C{p, ¢, 2', ¢'})

Throughout the remainder of this section, d is assumed to be an a-metric.

There now follows several propositions and theorems concerning Q-metrics,
mostly without proofs. The proofs are straightforward, and many are similar in
spirit to those found in [3], [4], and [7].

Proposition 1. If p and q are distinct points of X, then L(p, q) is unique.

Corollary. If p and q are distinct points of X, and 0 <r <1, then there is
exactly one point x € X such that d(p, x) = 1d(p, q) and d(q, x) = (1 -1)d (p, q).

As in [4] we define A: X x Xx [0, 1] =X as AMp, g, 7) = the unique point x €

X such that d(p, x) = rd(p, q) and dlg, x) = (1 - r)d(p, q). It is easy to check
that A is continuous.
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Definition 2. A line segment L(p, m) is called a maximal ray from p if when-
ever L(p, m') is a segment such that L(p, m) C L(p, m'), then L(p, m) = L(p, m"),
and hence m =m'. A line segment L(a, b) is called a maximal segment if when-
ever L(a’, b') is a segment such that L{a, b) C L', b"), then L(a, b) = L(a’, b")
and hence {a, b} =1{a’, b'}.

Theorem 1. Suppose p and q are distinct points of X. Then (1) there exists
a unique maximal ray from p, L(p, m), such that L(p, q) CL(p, m); and (2) there
exists a unique maximal segment L(n, m) containing L(p, q).

It follows from Proposition 1 and Theorem 1 that each pair of points of X is
contained in a unique maximal line segment. In fact, if X is compact and d is
convex, then d is an a-metric if and only if each pair of points of X is contained
in a unique maximal line segment.

Definition 3. If A CX and p € X, then the p-face of A, denoted by FD(A)’
is defined as FP(A) =faeA|L(p,a)nA =lall.

Proposition 2. If A CX, p£A, {s, t} CFp(A), s #£¢t,then L(p, s)NL(p,1t)=
{p}.

Proof. Otherwise L(p, s)UL(p, t) = L(p, s) (or L(p, ). In which case s ¢
F(A4) (or t £ F,(A)).

Proposition 3. If L is @ maximal line segment and p ¢ L, then L = F (L).

If A is a closed, convex subset of X, then d is an g-metric for A. That is,
a closed convex subset of an ‘‘a-space’’ is an ‘‘a-space’’.

Definition 4. Suppose A is a closed convex subset of X, By a rim point of
A we mean a point of A which is an endpoint of some maximal segment in A. By
the rim of A, denoted by d(A), we mean the set of all rim points of A.

Theorem 2. Suppose A is a closed subset of X, p€X - A,and A = Fp(A).
Then L(p, A) =U{L(p, x)| x € A} is homeomorphic to the cone over A, C(A).

Proof. The obvious *‘linear’’ function from C(A4) to L(p, A) is a homeomorphism.
In particular, if A is an n-cell, » > 0, then L(p, A) is an (1 + 1)-cell with
A UL(p, bdry A) = bdry L(p, A).

Proposition 4. Suppose A is a closed, convex subset of X, L(s, t) is a max-
imal line segment in X, and L(s, t)NA is nondegenerate. Then L(s,t) NA isa
maximal line segment in A.

Proposition 5. Suppose A is a closed, convex subset of X, p € X - A, qc€
A- FP(A)' Then L(p, q) contains a point of d(A) in its interior.
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II. B-metrics.

Definition 5. The metric 4 on X is called a B-metric if d is an Q-metric
having the property that if L(a, b) is any line segment in X and p € X, then
L(p, L(a, b)) is convex.

Throughout the remainder of this paper we assume that d is a B-metric.

It might be well to indicate here the general thrust of the arguments to fol-
low. Suppose, for the moment, that X is finite dimensional. We will construct in
X a convex cell I with a nonvoid interior. We then collapse X into I by means
of a 1-1 function which takes d(X) onto bdry I . In order to establish the continu-
ity of f we establish two important properties of d(X). One is that any ray from a
nonrim point of X to a rim point contains no other rim point. The second is that
d(X) is closed. The remaining arguments are directed toward constructing the cell
mentioned above and toward establishing these two properties of d(X).

Proposition 6. If A is a convex subset of X and pe X - A, then L(p, A)
is convex.

It follows from the continuity of A that if A is closed, L(p, A) is closed.

Theorem 3. Suppose p and q are distinct points of X, and a € X is not on
the maximal line segment containing p and q. (It follows from Propositions 3 and
6 and Theorem 2 that L(a, L(p, q)) is a convex 2-cell.) Then each maximal line
segment in the 2-cell A = L(a, L(p, q)) bas its endpoints on the boundary of the
cell.

Proof. Suppose L(s, w') is a maximal segment in A with s £ bdry (A). Choose
a point w #s with w € L(s, w') and w ¢ bdry (A). Then L(w, s) is a maximal ray
from w.

Define F:bdry(A) x [0, 1] » A as follows: F(x, t) =y where y € L(w, x) and
dly, x)/d(w, x) = t. Then F is a contraction of the boundary of A to w.

Now Flx, t) £ s for any (x, t); for otherwise s € L(x, w), and hence, since
x #s,L(w,s) is a proper segment of L(w, x), contradicting the maximal property
of L(w, s).

Hence we have a contraction of bdry A to a point in A - {s}, which is im-
possible.

It follows from the above theorem that d(A) C bdry A. Theorem 5 asserts
d(A) = bdry A.

Theorem 4. Suppose p € X - d(X) and q € d(X). Then L(p, q) n3(X) = {g}.

Proof. Suppose there exists an s € d(X) NL(p, q) and s # q. (See Figure 1.)
Then s £ p, for p ¢ I(X); and since s € I(X) there exists a point ¢ € d(X) such
that L(s, t) is a maximal segment.



320 ELLARD NUNNALLY

(1) If L is any segment which contains p and g, then t ¢ L. For if teL,
then since s€L, {s, t} CL NL(s, t), and therefore L U L(s, t) is a segment. And
since L(s, t) is maximal, L U L(s, t) = L(s, t). Therefore L is a subsegment of
L(s, t) containing s as an interior point. Since this is impossible, ¢ ¢ L.

Let L(a, b) denote the maximal segment containing ¢ and p; and let the or-
der from @ to b be a <t <p <b. (Again t £ p £ b, since {t, b} C d(X).)

(2) Now s £ L{a, b). For if s € L(a, b), then {s, p} CL(p, )N L(a, b), and
therefore L(p, ) UL(a, b) is a segment. Since L(a, b) is maximal, L(p, q) C
L(a, b). Hence L(a, b) is a segment containing p, g, and ¢, which contradicts (1).
So s £ L(a, b).

By (2), 9 £ L(a, b), for otherwise s € L(a, b). So by Proposition 3, L(a, b) =
Fq(L(a, b)); and hence, by Proposition 2, L(g, @) NL{g, p) = {g}. Therefore we have

(3)s ¢ L(g, a).

Likewise,

(4)s £ L(g, b).

Now by Theorem 2, L(g, L(a, b)) is a convex 2-cell with bdry (L(g, L(a, b))) =
L(a, b) UL(g, @) UL(q, b). Also L(s, t) C L(g, L(a, b)), and by (2), (3), and (4),

s £ bdry (L(g, L(a, b))). Hence, by Theorem 3, L(s, t) is not maximal in
L(g, L(a, b)), and therefore is not maximal in X. This contradiction proves the

7

q

theorem.

Figure 1

Theorem 5. Suppose A is a nondegenerate closed convex subset of X,
A-9A)£B,peX ~A, and A = F(A). Then d(L(p, A)) = L(p, 9(A)) UA.

Before proving Theorem 5, if p # a € L(p, A) define the projection of @ on A,
denoted by p(a), to be that unique point a'€ A such that a € L(p, a'). It is easily
shown that the map p is *'linear’’ in the sense that if p £ L(a, ) C L(p, A), then
p(L(a, b)) = L(p(a), p(b)).

Proof of Theorem 5. First we show d(L(p, A)) CL(p, JA)U A by showing
that if L(a, b) is a maximal segment in L(p, A), then {a, b} C L(p, 0A) UA.

We may assume p ¢ {a, b}, for otherwise {a, b} C{pluA CL(p, JA) UA. Let
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p(a) =a’' £b' = p(b) and let L(x, y) be the maximal segment in A containing
{a’, b'}. Since L(a, b) is a maximal segment in the convex 2-cell L(p, L(x, y)), by
Theorem 3, {a, b} CL(x, y) UL(p, x) UL(p, y) CL(p, JA) UA.

Now we show L(p, dA)UA C d(L(p, A)). Suppose a € L(p, dA) UA. Since it
easily follows that L(p, x) is a maximal segment in L(p, A) for each x € A, we
assume a £ A, a # p. Let p(a) =a'€ A and select x € A — 9A. It suffices to show
that L(x, @) is a maximal ray from x in L(p, A).

Suppose, on the contrary, that L(x, s) is a maximal ray from x in L(p, A)
containing L(x, @) with @ £ s. Then s € d(L(p, A)); s # p (otherwise @' = x € 9A);
and s ¢ A. Hence p(s) =s' € 9A. Also s'# a’, for otherwise {s, a} CL(p, a") N
L(x, s) and therefore L(p,a") UL(x, s) = L(p, a'). Then x =a’.

Now since p(L(x, s)) = L(x, s'), we have a' € L(x, s'). This violates Theo-
rem 4. Hence L(x, @) is a maximal ray from x in L(p, A).

Corollary. Suppose p I7_ are distinct points of X. Set A = {P} and for
1<i<n set A,=L(p, A, ). Suppose also Fp-(Ai J=A4,_ for 1<i<n so
Mie -
that, by Theorem 2, A, is an i-cell. Then A i) =bdry A ..

Proof. Induction on i, together with the remark following Theorem 2.

Theorem 6. Suppose A is a closed convex subset of X, p€ X — A and the
sets FP(A) and A - 9A have a point q in common. Then FD(A) =A,

Proof. Suppose x €A, x £ q. We show x € F p(A). Let L(s, t) be the maximal
segment in X containing {x, g9}. By Proposition 4, L(s, t) NA = L(a, b) is a max-
imal segment in A. To be specific we take the order on L(e, b) as a <qg <x<b
(see Figure 2).

Since g €F (), p ¢ L(s, 1). Hence S = L(p, L(a, x)) is a convex 2-cell with
bdry S = L(p, a) UL(a, x) UL(p, x). Now if x ¢ Fp(A)’ there exists a point w €
A NL(p, x) with w £ x. Hence the arc L{a, w) which lies, except for its end-
points, in the interior of S and separates p and ¢ in § also lies in A. Therefore

L(p, q) contains a point of A other than ¢, which contradicts the fact that g €
F (A).
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Proposition 7. Suppose A is a closed convex subset of X, 9, qzl CA, q,#
9, D €X ~A and is not on any line ségment containing 1q,,9,}, and q ¢ Fp(A).
If ac L(ql, qz), a f.‘{ql, qzi, then a ¢ FP(A)’

Proof. Very much like that for Theorem 6.

Theorem 7. If A is a closed, convex subset of X, 1p,p,1CX, p, # ?ys
with L(pl, pz)ﬂ A=aeA -9(A), then B = L(pl, A) UL(pz, A) is closed, convex
and 9B = L(p,, 94) UL(p,, 9A).

Proof. First if p, €A, then p, =ac€ F, (A). Hence, by Theorem 6, A =F, ().
Then by Theorem 5, B = AU L(pz, A) = L(pz, A) is closed, convex and d(B) =
AuU L(pz, aA)) = L, a(A)) UL(pz, d(A)). So we now suppose lpl, pzl CX-A,
and hence FPI(A) =A= sz(A).

Lemma 1. sz(l‘(pl' A)) = A,

Proof. In view of Theorem 6 it is sufficient to show that if g € L(p, A) - 4,
then g ¢ sz(L(pl, A).

It follows from Theorem 6 and the fact that p, ¢ sz("'(pl’ A)) that if g€
L(p,, A)-9dL(p,, A), then g ¢F, (L(p,, A)).

So suppose p, #4 €dL(p,, A% -A=(AuLp,0A4)-A=L(p dA)-0A. Ve
may select a point g, €0A, q # 9, with ¢ eL(pl, ql). Since g, £a, p, is not on
any line segment containing p, and ¢,. Hence by Proposition 7, ¢ £ F pz(L(pl, A)).
This proves Lemma 1.

From Lemma 1 it follows that L(p,, L(p,, A)) = L(p,, sz(L(pl, A)) v

Lp,,A) = L(pz, A ULGp,, A) = B is closed and convex.

Lemma 2. Each line segment in B which contains two points of A must lie
in A,

Proof. This follows easily from the fact that F Pi(A) =A.

Lemma 3. We now show that if x € A - A) then L(p,, x) is not maximal in
B, i =1, 2. (In particular L(pi, x) C L(pi, xo) with x # Xgs %o € B.)

Proof. If x =a, L(p, ) is properly contained in L(p, p,); so suppose x #a.

Let L(s, t) be the maximal segment in A containing @ and x. Since {s, t} N
{a, x} =@, let the order on L(s, t) be s <a <x<t,andlet S=LG, L, pz)).
This is a convex 2-cell with 9§ = bdry § = L(pl, 02) UL, ?l) UL(, pz).

Since {a, t}CS, x €S. Hence L(p,, x) CS. If L(p,, x) were maximal in B,
L(p,, x) would be maximal in S. But since x £ 8 we must have L(p;, x) C
L(p,, x,) for some x #x, x, €S CB. This proves Lemma 3.
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Lemma 4. A separates B.

Proof. This follows easily from the observation that L(pl, A)NL@p 2 A) = A,

We are now ready to show dB C L(pl, JA)UL(p » 9A). Suppose L(s, t) is
maximal in B; we show s, ¢t} C L(pl, 0A) UL(pz, 0A).

In view of Lemmas 2, 4 and Theorem 5, we may assume that L(s, t) contains
exactly one point ¢ of A.

Case L.q¢ls, t}. If Is, t} CL(p |, A), then L(s, ?) is maximal in Lp,, A).
Hence Is, t} COL(p ,A)-A = (L ,04)vA)-AC L(p,, 0A). So suppose s €
L(p‘, A) and t€ L(pz, A). Then L(s, g) = L(s, t)N L(pl, A) is maximal in
L(p,, A), by Proposition 4, and L(q, t) = L(s, ¢) NL@p,, A) is maximal in
L(p,, A). Hence s € oL(p,, A)-ACL(p,,0A) and t€ oL(p,, A) - A CLp,, 9A).

Case IL. Suppose g =t, and s € L(p,, A) - A. Then L(s, t) is maximal in
Lip,, A) and hence s€L(p,, 9A). We now show : €0A CL(p,, dA). Suppose q £
0A. Let s’ € 9A such that s eL(pl, s'). We have s’ £4. Let L(x, y) be the maxi-
mal segment in A containing {s', 4}, and let the order be x <s’'<g <y. Choose
r so that g <r <y. Since g ¢ dA and y € dA by Theorem 4, r ¢ JA. Hence, by
Lemma 3, there exists an 7 € B such that L(pl, r)C L(pl. ro) and 7 # Toe

Now consider § = L(x, L(pl, ro)). Since {x, r} CS, g €S; and since
L(pl, s')CS, s€S. Hence L(s, g) CS, and hence is maximal in S. So q €0S.

Now 95 = bdry § = L(p,, r)) UL(x, p )UL(x, r ). Since reL(p , 7 ), g ¢
L(pl, r.) (otherwise not both 7 and g are in F, (A) A). Likewise ¢ £ L(x, p ).

Smce r# ro» and since x is not on any hne segment containing p, and o
(otherwise not both x and r could be in F, (4)), L, 7) NL(x, r ) ixl So since
gellx,r), g¢L(x, '0)’ Hence g ¢ 0S. This contradiction establishes Case IL
Therefore B C L(p,, 0A)U L(p,, 9A).

To see that L(p,, JA)UL(p,, dA) C 9B, suppose x € L(p,, A). We show x €
0B. Since L(p, p,) is maximal in B, suppose x#£p,.

If x € 9A, it follows from Lemma 2 that x € B. If x £ JA, then as, in the proof
of Theorem 5, L(a, x) is a maximal ray from @ in L(pl, A). Hence, by Lemmas
2 and 4, L(a, x) is a maximal ray from a in B. Therefore x € dB.

Theorem 8. If X is finite dimensional, then d(X) is closed.

Proof. Suppose x € X — d(X). Let 1, = L(p,, p,) be any maximal line segment
containing % . Since x £ dX), p #x,#p,.

Either I, contains a neighborhood of %, or it does not. Suppose it does not.
Choose €> 0 so that S (x) misses {p, p ). Select a point x €5 (x ) with x ¢
I,. Since L(x, xo) CSe(xo), L(x, xo) nal | = L(x, xo)n {po, pll =g. Hence by
Proposition 5, x € F (1) and therefore L(x, xg) NI =1xy}
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Let L(pz, p3) be the maximal segment in X containing {x, xo}. Then
L(p,, p3)f\ll =ixgland p, #x #p,. Sec I, = Lp,, 1)) UL(p3, ll). By Theo-
rem 7, I, is closed, convex and adl, = L(pz, 811) UL(p3, 611) = L(pz, 2p0, pll)u
L(p3, fpo, pll). Also I, is 2-dimensional, since it is the sum of two 2-cells.

If I, contains no neighborhood of x, then choose ¢> 0 so that Se(xo) misses
dl, and select a point y € S,(x ) - I,. Again since Ly, x,) CSe(xo), Lly, x,)
misses dl, and thus x € Fy(l 2); hence by Theorem 6, I, = Fy(IZ)' Let L(p4, ps)
be the maximal segment in X containing ly, xo}. Set I = Lo, 1,) UL(ps, I,).
Then I, is closed, convex and dl; = LG, alz)U L(ps, 612) and since p, # x  #
b5, %, ¢ 613. Also 13 is 3-dimensional, since it is the sum of four 3-cells.

If I 3 contains no neighborhood of x, we repeat the process until eventually,
since X is finite dimensional, we arrive at a closed convex set I with x,€
I,-dl, and €>0 such that Sc(xo) cl, -dl CX-oX.

Theorem 9. If X is finite dimensional, then X is homeomorphic to an n«cell
for some n > 1.

Proof. The proof is similar in many respect to that of Theorem 8.

Let p, # p, be any two points of X. Let @, denote the midpoint of
L(po, p l) =1,. Either I, contains a neighborhood of a, or it does not.

If it does not, choose €> 0 so that S (a,)ndl, =S (@ )Nnipy, p,}= . Then
select a point p, €S (a)) -1 . As in the proof of Theorem 8, L, a)CSla)
and hence Fp (ll) = 11' Consequently L(p3, 11) =1, is a convex 2-cell. Let a,
denote the mijpoint of L(p,, a)), and note that a, £dl, =1,V L(p,, al,).

Again, either I, contains a neighborhood of a,, or it does not. If if does not,
we proceed as above until we obtain a convex n-cell, I , and a point @ €
I -0l,=1 -bdry I such that I contains a neighborhood of @, . And since
a, £dl , a, ¢0dX.

Now if x € dX, by Theorem 4, L(an, x) is a maximal ray from a, in X. Hence
if follows from Proposition 4 that L(an, x)N 1, is a maximal ray from a_ in I .
Hence Lla ,x)NI =L, y) where Lla_,y)ndl_ =iyl

Conversely if y €dl , then L(an, yo) is a maximal ray in I with
L, yo) Nal_ =1y} and if L(an, x,) is the maximal ray in X containing
L, y,), then Lla , x ) NX = Ix L.

Now we define f: X —I_ as follows: [(a,)=a_; and if x #a_, let
L(an, xo) be the maximal ray in X from a, through x and L(a", yo) =1 N
L@, x,) where x€0X and y € dl , then f(x) is that point on L(a_,y ) which
is the image of x under the mapping which takes L(a", xo) linearly on L(an, yo)
with f(@ ) =a_ and f(x)) =y,
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Explicitly, if )\(an, X g5 r)=x, 0<r<1,then f(x)= )\(an, Yoo .

Now [ is a 1-1 function of X onto I taking (X) onto dI .

In view of the continuity of A and the fact that oI =bdry I is closed, the
continuity of f results from the following:

Lemma. If {p T — po and p,#a,,i>0, and if L, x)) is the maximal
ray in X from a, through p., i >0, then {xi}°l°—ox0.
Proof. Let ix l°° — x5 be any convergent subsequence of {x,i]’. We show
xo_x . Since iL(a x, )} —'L(a x) poeL(a s % '). Hence L{a » %o ) cC
Lla,, x ). Since {xi! C '9X and 6X is closed, x; € 0X. Hence, again by Theorem
4, x(; =X,

1. Questions. It is an open question, asked by Borsuk and Bing, whether or
not each finite dimensional compact metric space X which admits an a-metric is
homeomorphic to a cell. If dim X = n, then Lelek and Nitka [7] supply an affirma-
tive answer if n < 2. Rolfsen [3] proves that X is a cell if n = 3; and he also
shows that if X is a manifold and » > 5, then X is a cell.

Question 1. If X is a finite dimensional compact space with G-metric d, can
one use d to define a [S-metic on X?

Question 2. Is each compact infinite dimensional space X with an a-metric
homeomorphic to the Hilbert cube?

Question 3. Same as above but assuming the existence of a B-metric on X.

Question 4. Is there a B-metric on the Hilbert cube such that each point is a
rim point?
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